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ABSTRACT
The average momentum flux at a section of a pipe with two-
phase upflow has been measured by the impulse technique. Steam-
water and air-water mixtures were tested in one-inch and one-
half inch nominal pipes. Homogeneous velocities ranging from
150 to 1200 ft/sec. and qualities from 5% to 85% were tested.
The results are compared to the results of models currently
in practice for predicting pressure drop and critical flow. The
influence of the void fraction, the velocity profile, phase dis-
tribution and fluctuations upon the momentum flux are discussed.
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xiii
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CHAPTER E
INTRODUCTION
The two-phase momentum flux has come to attention primarily
through its relationship to pressure changes in systems involving phase
change, water tube boilers, nuclear reactors, refrigerating evaporators
and condensers, rockets, condensing ejectors, and the like. In
addition to being of direct application, knowledge of the momentum
flux would also result in additional basic knowledge and understand-
ing of the nature of two-phase flows and the applicability of various
models. This basic understanding of the momentum flux is, among
other applications, particularly relevant to the critical flow
phenomena.
1.1 Pressure Drop in a Pipe
The ability to predict two-phase pressure change to nearly the
same degree of accuracy as is possible with single-phase flow has
eluded investigators. This is fascinating from a motivational point
of view as accurate determination of the two-phase pressures are of
fundamental importance in the design of evaporators, condensers, and
particularly nuclear reactors. That the technological need has not
brought about a dependable solution is sufficient testimony to the
difficulty of the problem.
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The two-phase pressure change, like the single-phase change, can
be considered to be composed of several, individual contributing
terms. A development of the general momentum equation (see Appendix
A) shows these contributing terms to be a frictional pressure drop,
an hydrostatic pressure change, a momentum flux change, and an
acceleration transient. Each of the terms is considerably more
difficult to evaluate in the two-phase case than for a single phase.
In particular, the hydrostatic pressure change is elementary for the
single phase while it requires a knowledge of phase distribution for
the two-phase phenomena. In single phase, fully developed, incom-
pressible flows, the difference is easily computed assuming a simi-
larity of velocity profiles. Further, the momentum pressure change
is only significant in proportion to the frictional pressure change
at high Mach numbers. It is seen that for general use the pressure
change in a single phase flow, neglecting transient terms, is due
primarily to one difficult term, the frictional term.
The relative simplicity of the single phase flow may well be
one of the important reasons for the retarded development of two-
phase technology. In the single phase, a simple pressure difference
measurement is easily related to the one term needing correlation,
the frictional term. This is simply not so for the two-phase system,
but it did serve as a starting point for two-phase study. Certain
holdovers unfortunately serve as mental blocks, and time after time
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the hydrostatic and momentum flux terms were simply estimated and
subtracted out in investigating the two-phase friction term. It
was not considered important to consider these terms more carefully,
even though they often served as the largest portion of the pressure
change. Through careless consideration of the overall equation,
only a half-way job can be done on the frictional correlation.
A second reason for the retarded development of two-phase
technology, also due to the single phase study influence, is the
tendency to consider the flow on the average. This is acceptable
in the single phase as there are no natural deviations from the
average steady flow, except in a careful consideration of turbulent
flow. Averaging is not generally acceptable in two-phase flow because
of the non-linear nature of the momentum flux and the occurrence of
slugs, waves, and other natural fluctuations. As with turbulent flow,
the first level of complication is a recognition and treatment of
the natural fluctuations.
1.2 Momentum Flux Models
A model is a proposal giving the phase and velocity distribution
as a function of space and time. For the purposes here, it is in-
formation from which one may calculate a momentum flux. A model
may, of course, include several experimental parameters, in the
limit being an actual photograph of the phenomena, or it may be a
highly simplified approximation. Several models have been proposed
by investigators of two-phase flow pressure change in order to
reduce their data for friction correlation. It should be noted
that all are steady or averaged in time models.
The most simple model is the homogeneous. It merely assumes that
the phases are mixed in the ratio of the flowing quality at a single
velocity. The assumption is popular in that it is simple to deal
with. Unfortunately, it assumes that the average velocity of the
liquid and the gas are the same. Through measurement of the void
fraction, the percentage of gas-occupied area at a section, this has
been shown to be a gross error; the average gas velocity is often
many times the average liquid velocity. Incidentally, the original
purpose of the void fraction measurement was to establish the hydro-
static term.
Introduction of the void fraction as an experimental parameter,
leading to a calculation of a velocity for the liquid and another
for the gas, gives the two-velocity or slip model. Martinelli (1)
made a moderately successful two-phase pressure change correlation in
which he calculated the momentum flux by the slip model. He presented
an empirical chart of void fraction versus quality. Even recent in-
vestigation (2), apparently inspired by Martinelli's relative success,
retains the two-velocity model for the momentum flux calculation.
* Numbers in parentheses refer to references at end of report.
-5
They differ only in that Thom, the recent investigator, presents
a mathematical relationship between void fraction in quality. The
two velocity model is by far the most popular model, perhaps because
it is the most simple model which manages to avoid obvious errors
such as discrepancy in the void fraction.
At higher qualities and gas velocities, much of the liquid flow
seems to become entrained as droplets in the gas stream. Thus was
developed the entrainment model. An entrainment factor, of empirical
origin, denotes the fraction of the liquid flow which is traveling
at the gas velocity. The entrainment model also establishes the
velocities to preserve the empirical void fraction. Magiros and
Duckler (3) essentially adopt the entrainment model when they recommend
that momentum be neglected in the liquid film and calculated on the
basis of entrainment in the gas core.
Bankoff (4) demonstrated additional sophistication by proposing
that the density and velocity profiles need not, and in fact do not,
take step changes across a section. He proposed a profile for the
density and another for the velocity and proceeded to show that slip
between the average velocities was indeed the result. Bankoff in-
vestigated the low quality, bubbly flow, region. The power law
profiles he suggested were essentially guesses based on satisfying
the void fraction data.
Anderson and Mantzoranis (5) did essentially the same thing
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as Bankoff in the annular flow region. Their results were highly
tailored to fit empirical data and the profiles they suggest are
suspect on the basis of physical reasoning. Silvestri (6) has made
measurements of both the density and velocity profiles in the en-
trained liquid gas region. He was unsuccessful in integrating the
values to predict reasonable momentum flux differences. The diffi-
culties with complete profile specification are to find the profiles,
or enough empirical data to reasonably specify them, and to deal
with the problem of non-linear averaging.
1.3 Differences between Models
The selection of a model is not critical when the difference
between them for the purposes for which they are to be used is
small. Unfortunately, the difference in momentum predicted by the
models is large. Figure la shows a plot of momentum pressure change
versus quality as predicted by the homogeneous and by the two-
velocity model, void fraction as given by Martinelli. The two
models predict significantly different results at the lower qualities.
Figure lb shows the ratio of the homogeneous to the two-velocity
model. Thus it can be seen that in cases where momentum flux
differences play any significant role, as in rapid heating or cool-
ing, the accurate determination of the correct-model, the correct
momentum flux, is of vital importance.
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1.4 Direct Measurement
Four experiments are described in the literature which directly
measure the momentum flux. All used the turning tee method used by
this experimenter. Linning (7) first made the measurement and
reduced his data to slip ratio data according to the two-velocity
model. Semenov (8) did essentially the same thing, followed by
Vance (9) who reproduced Linning's experiment. Semenov and Vance,
both patterned their data reduction after Linning, using the two-
velocity model to predict slip. As will be emphasized later, the
momentum flux is more than a function of the slip ratio, and the
momentum flux cannot be returned to a slip ratio which is represen-
tative of the true void fraction data. The experimenters mentioned
had steady force measuring devices and were not equipped to consider
fluctuating forces.
The other investigation is that of Rose (10) who attempted to
evaluate each of the pressure drop terms by independent measurement
in the bubbly flow regime. Rose measured the void fraction and
compared his momentum flux data with that predicted by his measured
void fraction in the two-velocity model and with that predicted by
the homogeneous model. Although one docs not necessarily expect the
two-velocity model to hold as well in bubbly flow as it does in
annular flow, (the two-velociiy model is often called the "annalar
model"), the data does point out that the slip model does violate
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experimental data. Rose's data is shown in Figures 29 and 30 and
will be discussed in more detail.
Outside of tne bubbly flow regime, the total number of experi-
mental points is about fifty, mostly due to Vance. Considerably
more direct measurement discussed in relation to the flow models
is awaited.
1-5 Fluctuation
As has been mentioned, the time unsteadiness is of vital im-
portance in two-phase flow as waves and slugs occur naturally.
Some attempts have been made to correlate these natural fluctuations
(8), and many investigators have presented some of their fluctuating
data in its raw form. Silvestri (6) among others is able to recognize
flow regimes by the fluctuating nature of some quantity. Although
virtaally all researchers have observed the unsteady nature, as has
been mentioned, every effort has been made to neglect it through
averaging. Even systematic investigations as with limited data
reduction such as that of Semenov (8) are rare.
The void fraction and the momentum flux are excellent variables
for the investigation of fluctuations as they can be measured at a
section.
1.6 Critical Flow
Critical flow of two-phase mixtures have been predicted on the
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basis of the homogeneous and two-velocity models (11). Fauske
(11) claims, without giving his reasoning, that crcitical flow is
bounded by the predictions based on these models. At the critical
flow, the momentum flux change is of greatest importance. The in-
vestigation of the momentum flux should then lend some information
to the validity of the critical flow modeling and the critical flow
itself.
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CHAPTER II
ANALYTICAL CONSIDERATIONS
2.1 The Momentum Miltiplier
The momentum flux can be reduced with respect to the flow rate
by the consideration of a momentum multiplier defined as
MMA Jf Ve d A For c e (2-1)
ge ( j V dA)z G2 A
This is the same momentum multiplier defined and presented by Mar-
tinelli (1). It is important to note that the momentunm multiplier
is not a dimensionless quantity and that the dimensions used by
Martinelli are not the same as those presented in this paper.
The consideration of the momentum flux at a particular flow
rate is the same as the consideration of the momentum multiplier at
the same flow rate. With this fact in mind, the terms will be used
interchangeably.
2.2 Possible Bounds on the Momentum Multiplier Value
In any investigation it is of interest to know of any limits
that bound the values of inquiry. The knowledge of bounds is helpful
in evaluating the validity of the empirical data and in forming
models or parameters by which the data may be correlated and under-
stood.
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2.2.1 Martinelli's Bounds Martinelli suspected that the actual
momentum multiplier lay between those predicted by the homogeneous
and two-velocity models. The given reasoning was that "the water-
vapor mixture ... will be partially in the form of fog and partially
separated liquid and vapor." To be more exact, the reasoning is that
the two models represent idealization from which deviations always
occur toward the other. Homogeneous flow is always moderated by
slip, so that the average gas velocity exceeds the average liquid
velocity. The two-velocity model cannot exist either, if only for
the step velocity gradient between the phases and the resulting
deviation will be toward the homogeneous. Apparently Fauske (11)
would hold to a similar argument as he predicts that the two models
give bounds to critical flow values.
That the two-velocity model gives a minimum momentum multiplier
value is valid as will be shown shortly. It is impossible to con-
ceive of a model whereby a smaller momentum multiplier value may be
achieved. That the homogeneous model represents an upper bound is
not similarly true, but represents only the opinion of the investi-
gators as to the nature of the phenomena. If one conceives of the
flow of one of the phases in a smaller and smaller area, the momentum
multiplier grows larger without bound. As the investigators have
given no physical reasoning as to why all deviations should be lower
in value than the homogeneous, it does not seem reasonable to accept
this as a real bound.
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2.2.2 Requirements for Minimum Possible Momentum Flux The density,
9, and the velocity, V, are allowed to be unknown functions of the
position, a, in the cross sectional area, A, and of time, t. We wish
to find the requirements on these functions such that the minimum
possible average momentum flux is given as a result.
The only constraint to be considered is that of average continuity
of each phase.
, 2- e-. £ ffA(f(4)-) V(&,t) A At (2-3)
ff= (2-3a)
-7-. - ro - rA A 
A
(2-ka)
Following the method of calculus of variations
+41= (2v ,)
r-~ TJJ*L Aj* V (,*AU(a*)) (2-5)41
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where A 1 and ' 2 are constants.
S H,= r TI JL ff[ (% V,A,(f4A+)Ja (
(2-6)
*A,. (fF iA, )] fV+EV , A>IMV41 i- Ar zV(A, )]SP) A
In order that 6 H = 0
Zft,*) y(4,i)+A,(Y(,Y)-fJ) +A (.r PrA,0)- 0 (2-7)
and
V-'(a) i) * A, V( ,) --A, V(A) - 0 (2-8)
Equations (2-7) and (2-8) along with the two continuity equations,
(2-3) and (2-4), specify the conditions on f (a,t), V(a,t), ? y,
and X 2 for the minimum possible momentum flux.
2.2-3 Minimum Momentum Flux at Specified Void Fraction In addition
to the continuity constraints of equations (2-3) and (2-4), an
average void fraction constraint may be added.
--,Pop )D) ,$ ->P( y) d7-. A (2-9)
/ =(2-9a)
* A (f f )
Equation (2-5) is modified by the additional constraint
H,= & f,[ ft (.) V(-,) 0+ A fbI) (2-10)
4 A.(f ,( ))V(6j 4 +A (ff -f(4)/ 4 3
where X is an additional constant.
r ,
(2-11)
' ( fieff7-/fV+-V2(,)*),VA, 4)V ~., V(,4 )- Si5b. i
Again setting S H = 0 gives
V (A, 4)4 +A, V(O, 4) - A? z~xf 3 = O (2-12)
and equation (2-7) as before. Thus equations (2-7) and (2-12)
along with the constraints, equations (2-3), (2-4), and (2-9)
specify the conditions for the minimum momentum at a given void
fraction.
Although it is difficult to find the solutions to the equations
by direct means, it is quite simple to test a suspected solution.
Because of its flat velocity profiles, we suspect that the two-
velocity model may be a solution for the minimum momentum flux at
a given void fraction. That this is true is easily verified. Thus
Martinelli' s minimum bound is shown to be valid by continuity con-
siderations alone.
2.2.4 Minimum Momentum Flux Model It is suspected that the void
fraction in the two-velocity model might be adjusted to give the
minisnum momentum flux and that the result might satisfy the minimum
possible momentun flux requirements. It is noted that as the void
-14-
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fraction approaches zero or one, the momentum flux value of this
model approaches infinity (Figures 18 and 19). Also of note is
the fact that void fraction values are not singular, that another
void fraction in addition to the homogeneous void fraction gives
the homogeneous momentum flux value.
M = + (2-13)0--f.) , f A p
In order that = 0do(
Yx0( )(2-14)
(2-14b)
A substitution shows that the two-velocity model at the void fraction
given in equation (2-14) satisfies the requirernents for the minimum
possible momentum.
At the value of void fraction giving the rninirnum possible
momentum flux, the slip ratio is found to be
-3 (2-15)
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a result common in two-phase flow. It can be found by considering
the kinetic energy per unit cross sectional area to be the same in
each phase. It was also derived by Fauske (11) by a more tortuous
route. Fauske's critical flow model is thus the flow vith minimum
momentum flux.
2.2-5 Unsteady Minimum Momentum Flux It should be recognized that
the two-velocity model at the specified void fraction represents
only one of many solutions to the minimum momentum flux requirements.
The other solutions are all of a time varying nature, however, leaving
the two-velocity model as the only steady-state solution.
That time varying solutions exist can be demonstrated by physical
reasoning. Consider a liquid jet leaving a nozzle in a steady flow
at some angle upward, against gravity. Surface tension acts to break
up the stream into droplets which, when they pass through the same
elevation as the nozzle, have the same average momentum as at the
nozzle. If the stream is enclosed in a frictionless wall duct in-
cluding a gas phase introduced to give the minimum possible two-phase
momentum flux at the jet, the flow will have an unsteady, minimum
average momentum flux as it passes the nozzle elevation. Many of
the unsteady solutions can be visualized by changing the angle of
the jet giving more or less time for the fluid to form droplets.
Bulb&
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2.3 Deviations from Minimum Possible Value
Generally speaking, deviation from the minimum possible momentum
flux value is caused by deviation of the density and velocity profiles
from their minimum functions. These deviations may be classified in
one or more of four categories: void fraction phase distribution
changes, velocity profile alterations, entrainment phase distribution
changes, or time variations. An attempt will be made to investigate
the influence of each of the types of deviation.
2.3.1 Void Fraction The large deviation between the homogeneous
and two-velocity model momentum fluxes is due entirely to difference
in void fraction assumption. The homogeneous void fraction
x 4= (2-16)
M_ (2-l)
VJ
is considerably greater than minimum momentum flux void fraction.
A graphical comparison is provided in Figure 16 at atmospheric
pressure.
Several other values of void fraction versus quality have been
suggested and are shown on the same figure. Martinelli's curve was
reduced from actual data and has been given without mathematical
correlation.
Zivi (12) developed the relation
(U ) X /
on the basis of a minimum kinetic energy flux.
Bankoff (4) gave the relation
of =/ c'oV
/+ X5 (% /)
=4./- ooo/T
(2-18)
(2-19)
(2-20)
(2-20a)
on the basis of his assumed density and velocity profiles in bubbly
flow. One notes that Bankoff's model certainly fails outside of
the low quality region and does not satisfy the known point that
the void fraction is unity at single-phase gas flow.
Thom (2) proposes that the general form,
ex (2-21)
I/+ X(e-/)
where (9 should be determined by experimental evidence, best fits
all the known data.
The relations of the form
/*Y Cz X
(2-22)
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are symmetric about the X = (1-o() axis (the expressions are identical
when X is replaced by (1-o() and o( by (1-X)). This is at variance
to the Martinelli result which is clearly skewed. The Bankoff model,
although intended for low quality is also pleasingly skewed., a shape
which seems necessary to best fit the data.
The void fractions reviewed are between the homogeneous and
the minimum momentum flux void fractions. They are, excluding the
Bankoff model, sufficiently close to the minimum momentum value that
they all give nearly the same momentum flux. This is to be expected
since they are in the region where dM/d o( is small. At lower
qualities (X < .05) the Martinelli curve does depart by a sufficient
difference to make a noticeable difference in the momentum flux.
It can be said., with the exception of the Bankoff model and the
Martinelli curve at low quality, that the selection of void fraction
correlation makes no difference in the momentum flux value. They
are all sufficiently close to the minimum momentum flux value (see
Figures 18 and 19).
2.3.2 Velocity Distribution In a single-phase flow the minimum
momentum velocity profile is the uniform profile where
G(2-23)
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The corresponding momentum flux is
___AG _(2-24)
Integration of universal velocity profiles indicates that the fully
developed turbulent flow is 1%-10% greater than the flat profile
value (13)(5). Further, the integration is of an averaged curve
and, depending upon the fluctuations present, the actual value
should be higher still. The laminar velocity profile is
= 2(2-25)
and results in a momentum flux of
M 4 AG (2-26)
or 33% greater than the minimum possible. The laminar value is the
maximum considering steady flow where viscosity is the only physical
force producing factor present.
A laminar model has been investigated. The assumptions made
were the following: 1) the phases flow in annular layers with a
smooth interface between them (this minimizes the surface energies),
2) pressure is constant across a cross section, 3) no slip boundary
conditions, and 4) shear stress matching between the phases. The
-21-
Navier-Stokes equation reduces to
whose solution is
V L (2-28)
in each phase.
The void fraction is a function of The flow as well as of the
quality and the void fraction is on the opposite side of the minimum
momentum flux void fraction from the homogeneous. This is indicative
of very high slip ratios. The momentum flux value exceeds the homo-
geneous value except below 8% quality. At higher qualities, the
values are prohibitively high. One can safely conclude that the
laminar model bears such small relation to reality as to be useless;
the results are not presented graphically.
Anderson and Mantzoranis (5) made the same assumptions as were
made for the laminar model. They did not, however, satisfy the
laminar flow equations in each phase but used Van Karman's (14)
"universal velocity profile." They determined a factor giving the
ratio of the actual momentum to the two-velocity momentum. Essen-
tially, they predicted a 1% to 10% increase in the flux.
The work of Anderson and Mantzoranis presents a few conceptual
difficulties. For example, they draw the velocity and shear stress
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profiles as in Figure 21. Within the liquid phase it is impossible
to have a positive sloping shear stress and a concave downward
velocity profile. They admitted to the difficulty saying that "the
assumption must involve some error .... Nevertheless the universal
velocity profile is used here as the best approximation to the
truth ... " They go even further to define the double velocity
profile also shown in the sketch. The double profile amounts to
two universal profiles back to back in the liquid region. There is
no substantial reason for the assumption other than it might acci-
dentally predict some results.
Note that velocity profile moves the momentum flux value
toward the homogeneous model value without altering the measured
void fraction. That the moment a flux values are like the homo-
geneous model does not imply tha-c the flow is homogeneous, but that
other factors have made their addition to the flux predicted by the
slip model.
2.3.3 Phase Distribution The phenomena of phase distribtuion
has no analogy in the single-phase flow. Here it specifically
refers to the phenomena of entrainment, a portion of the liquid
phase traveling at the gas velocity. The void fraction may still
be specified independently. Entrainment is defined as
en int (2-29)
+ohfa./ kit
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Real entrained flows have been observed (6) (20) to have very
laminar-like velocity profiles in the core region. Here, however,
the effect of entrainment is being viewed for its mass distribution
effect between the two average velocities of the slip model. The
steep profiles are not considered.
The two-phase momentum multiplier is
x (x + (-X)GC) (yx (/-AXff/- /
MM =+ 46C
o(.~ ~ ~ 1 6 X /))
One notes that when 6 = 0, the momentum multiplier
two-velocity slip model value
However, when = 1, the value is
MM Xvi.
which is larger than the homogeneous value,
M M - (Xtr +(/-,) ig )
(2-30)
reduces to the
(2-31)
(2-32)
(2-33)
This is because to satisfy the void fraction, some liquid must
stand on the wall, reducing the effective tube size. Entrainments
larger than 1.0 are possible with back flow in the annular water
at the wall. Figure 20 shows the results of the entrainment model
I
9e
with entrainments of 0, 20, 40., 60, 80, and 100 percent along
with the homogeneous result.
2.3.4 Time Variation In a single-phase flow, the average momentum
flux may be higher than that predicted by an integration using the
average velocity profile. This is because the momentum is a function
of the square of the velocity. Consider a flow, with a uniform
instantaneous velocity profile, varying sinusoidally about a mean
value with amplitude b.
h = a -i+ b sin w (2-34)
The average momentum flux is proportional to
y + (2-35)
as opposed to the steady value of
M -A:; (2-36)
Schlicting(13) reproduces turbulent flow measurements of
Reichardt as in Figure 22. Using a hot-wire anemometer, Reichardt
obtained the average velocity profile and a profile of the root
mean square of the fluctuating velocities in the axial and the
transverse directions. Considering the velocity to be composed of
a steady average and a fluctuating velocity, whose average is zero,
V V + V (2-37)
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and that the momentum flux is proportional to the velocity squared,
M (ffA Vz+2 V V'+VI2 A V (2-38)
the average momentum flux is proportional to two terms
:+V' (2-39)
An integration of Reichardt's data shows that the fluctuating
component amounts to slightly over one percent of the steady velocity
profile integration.
In calibrating his apparatus, Rose (10) consistently measured
higher momentum fluxes than he was able to support by integration
of universal velocity profile. The difference is of the same magni-
tude as that which is attributed to fluctuation accordirig to
Reichardt's data.
The fluctuating velocity is expected to be large at the air-
water interface in annular flow. This is visually evident in the
fluid to one observing liquid waves propagating up the wall and in
the gas from Reichardt's data. This fluctuation may well explain
the inability of Silvestri to integrate steady measured profiles
to reasonable momentum pressure drop data.
In the two-phase fluctuation generally, some model must be
selected to relate parameters before a calculation similar to
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equation (2-35) can be made. For example, one may assume the
homogeneous model in which the solution is the same as for a single
phase. One may assume that the void fraction remains constant and
that the flow variations occur in each phase independently, similar
to Reichardt's turbulent data. In a slug flow model the void fraction
will have some functional relation to the fluctuating flow rates.
The model taken to represent varying void fraction conditions
was the two-velocity model with the following assumptions: 1) constant
gas velocity
M3 0= constant (2-40)
and 2) constant volume flow rate
lf O + VrA =constant. (2-41)
For computation, step variations in the parameters were used.
Any number of steps (i) can be chosen per cycle, but the percentage
of time at each step (t. 1 ) must be chosen so as to total unity.
~i:~ ~= /(2-4+2)
Void fractions selected must be time weighted to give the known
overall average value, W .
2 0 O(L= o (2-43)
The continuity relations are written in terms of the local qualities
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and - where
fT Z +iT-7~ 2W
, ':' T*~ I
(2-44a & b)
Equations (2-37) and (2-38) are now
CS- (2-4i5)
and
(2-46)
Of course,
-6i (2-47)
and
-6 = (/- ) (2-48)
which give
C (2-49)
and
/- A(2-50)
o(C
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so that all gi and 7 . can be evaluated. The resulting momentum
multiplier is
" z [7f 2L (2-51)
Note that .i and gi may have been selected in place of C4L
along with t-to determine the value of the other parameters.
Figures 23 through 28 show computed results of the time varying
model using two steps (i = 2). The results are given in terms of 5
an average deviation from the average liquid fraction (1-o)
(2-52)
The time at each step was varied as well as the value of (. Figure
23 shows the effect of changing the time at each step while holding
Y constant. Figures 24 and 25 show the effect of variable Y
while the time at each step remains constant. Figure 26 shows the
value of the momentum at each step and the resulting average.
Figures 27 and 28 show the ratio of the fluctuation in amplitude
to the average value as Y varies.
Assuming that the model and the ensuing calculations have some
validity, the last curve is particularly significant. By comparing
the given figure rith actual experimental data, a sample of which
is given in Figure 45, one can estimate the correct values of .
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2.4 Differential Deviation from Single Phase
The single-phase limits are points where the two-phase models
can be checked against single-phase theory. This, of course, is
well recognized and virtually all the models give the single phase
limits in void fraction and momentum flux if they claim to be valid
in the region. Bankoff's model, of course, deviates at the high
qualities as discussed because it was intended to apply only to the
bubbly flow regime.
In addition to the limiting values, the slope of the values
with respect to quality can also be estimated with a little addi-
tional reasoning. A differentially small addition of a gas to a
single-phase liquid can be imagined best as well dispersed through-
out the flow (unless artifically made otherwise). Thus at the low
quality limit the homogeneous flow is seen to predict the slopes
of the void- fraction and momentum multiplier. A differential addi-
tion of a liquid, not wetting the walls, can be expected to produce
the same result. A differential addition of a wetting liquid could
eventually be expected to be found at the wall. Thus the two-velocity
model would best predict the slope of values for this phenomenon.
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CHAPTER III
EXPERIMENTAL PROGRAM
An experimental program was undertaken to obtain direct
measurements on the momentum flux in two-phase pipe flow.
3.1 Feasibility
Two methods were initially considered to measure the momentum
flux at a section. The first involved condensing the vapor portion
of a pipe flow exhausting into a large chamber. The measurement of
the pressure difference between the end of the pipe and the exit of
the chamber would then relate the negligible chamber exit section
momentum flux to the entering flux of interest. The second, the method
actually used, involved turning the two-phase fluid as described in
Appendix A, in a tee. Calculations indicated that the second method
would give more accurate results. It would also be flexibile to
measuring two-component as well as two-phase flow where one phase
can condense. As a further incentive, turning arrangements had been
successful for other investigators.
3.2 Design Requirements
An apparatus to measure the momentum flux by the method con-
sidered must accurately measure the force on the turning tee. It
must provide facilities for making the force measurement under a
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variety of conditions and must monitor those conditions.
It was decided to work principally with steam-water with adapta-
tion to air-water. This decision was based upon the relative ease
of availability of the fluids and their significance in regard to
two-phase flow application and current studies.
Laboratory steam was available at 200 psia. This pressure and
the corresponding saturation temperature set the upper bounds for
which the apparatus was to be designed for both operation and safety.
Unfortunately, this upper bound is well below values common in in-
dustrial practice. Since, however, momentum effects are accentuated
at lower pressures, it was felt that the data could be safely extra-
polated from the experimental to higher pressures. Atmospheric
pressure was the lower bound on the apparatus.
The parameters to be experimentally varied were the flow rate
of each of the phases, the pressure, and the inlet pipe diameter.
3.3 Original Design
The final apparatus evolved, through several design changes,
from less successful earlier attempts.
3.3.1 Tank and Internals With the turning tee method, it is
necessary that the tee be surrounded by an atmosphere at the pressure
being tested. Further, the vessel must be large enough so that exit
flow from the tee cannot be diverted so as to affect the measurement
being made.
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A 0.3125-inch wall steel tank having an internal diameter of
16 inches and a length of 36 inches with welded, dome-shaped heads
was selected as the pressure containment vessel. The vessel was
designed as a refrigerant receiver tank for use at 300 psi. It was
hydrostatically tested to 500 psi.
Several fittings already available were used as steam exit, water
exit, gage glass mounts, and thermocouple well header. Additional
access ports made in the tank include the inlet pipe fitting, an in-
strumentation fitting and a 10-inch man hole. The man hole provided
an entrance through which parts could be inserted and adjustments made.
A 9-inch diameter, 1-inch thick tempered glass plate was inserted and
sealed by an 0-ring in the man hole flange cover. The glass provided
a 7-1/2 inch unsupported diameter window for viewing the internal
mechanism in actual operation. External mounting fittings were pro-
vided with the tank.
Measurement of the forces in the high temperature, pressure, steam-
water environment posed a difficult problem. Temperature compensated
strain gages presented a possible solution which would have required
a great deal of calibration to prove merit on an unsupported measure-
ment. The solution adopted is that of placing a displacement trans-
ducer external to the tank where it is not affected by the adverse
environment. The transducer would then measure the deflection of a
beam, a displacement proportional to the force on the tee. A Linear
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Variable Differential Transformer (LVDT) was selected as the trans-
ducer so that the transmission of information could be by magnetic
means through the wall of the pressure vessel. The primary LVDT
coil was fed a 15 KC signal with a peak and peak amplitude of 16
volts.
The pressure vessel wall at the position of the transducer con-
sists of stainless steel, number ten gage tubing (for hypodermic use)
with an inside diameter of 0.113 inches and an outside diameter of
0.133 inches. The LVDT used is a Sanborn Linearsyn Differential
Transformer Model 590T-025. As shown in Figure 4, the coil assembly
has an inside diameter of 0.136 inches while the core has an outside
diameter of 0.100 inches. The core was silversoldered to another
stainless steel tube serving as the displacement pushrod.
The electrical output of the coil assembly as a function of the
core traverse position is shown in Figure 8. The voltage output is
considerably smaller than that which would be achieved in the absence
of the stainless steel pressure vessel wall. The end effect of the
pushrod is sufficiently far from the core effect and excellent linear-
ity occurs in the test distance.
Fittings to clamp the deflecting beam were welded into the tank.
Two beams were initially tried, one a brass beam of 1/8 x 1/2 inch
squared section and the other a steel beam of 3/16 x 1/2 inch squared
section. The two beams were tried for their different spring rates,
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from the point of view of frequency response and sensitivity. 'Ihe
steel beam was selected for its higher natural frequency and sufficient
sensitivity. The tee was attached to the beam by a threaded stainless
steel 10-30 rod. Both the beam and the tee connections are threaded
and locked by nuts.
3.3.2 Turning Tee The function of the turning tee, as can be seen
from the momentum equation analysis in Appendix A, is simply to turn
the flow through a right angle. As long as this is accomplished,
the tee internals are of little importance. In exploratory experi-
ments, the tee used by Rose (10) in bubbly air-water flow, was tested
in the present apparatus. Rose's tee,being soft soldered, did not
stand the temperatures involved. Further, it was found that Rose's
tee, being a double pipe elbow, was suitable only for flows approxi-
mating a single phase becuase of the extreme secondary flow patterns
encountered in other regimes. Thus it was decided to use a tee of
radially symmetric design with flow exiting from between parallel
plates to insure perpendicularity to the inlet direction.
It was decided to design the tee as a flat plate deflector with
guide walls to prevent splash back not normal to the inlet direction.
As might be expected, the solution for a two-phase jet striking an
overhead plate has not been attempted for two-phase flow. Thus it
was decided to design on the basis of a single phase and modify as
was deemed necessary by performance. Note that by designing on the
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basis of a deflecting plate rather than in a more gradual turning
nozzle, it was hoped to increase the time response of the tee.
The problem of a radially symmetric jet striking a surface has
not been solved. Two approaches are taken here which bound the
solution. First, a continuity approach, where the depth of the tee
aperture at each radius is determined by the criteria that it pass
the same flow in a radial direction as entered the tee, provides the
minimum guide wall dimension. The two-dimensional jet solution (15)
h = thickness of arriving flow
provides the other limit. The actual solution must approach the
continuity solution at the exit of the tee, and the two-dimensional
solution at the inlet. As an approximation to the actual solution,
the two-dimensional solution was modified to a radially symmetric
solution by the criteria that flow area normal to the inlet be the
same. This solution is asymptotic to the two-dimensional solution at
the inlet and the continuity solution at the exit as shown in Figure
6. The resulting tee design is that of Figure Ta and b. The material
was aluminum.
3.3.3 Feed System City water is supplied at the system pressure by
an Aurora Model E5T two-stage, vane pump designed, to deliver 5 gpm
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at 200 psi. The pump is bypassed so that any intermediate pressure
and flow may be achieved without overloading the pump.
The liquid flow is measured by a Fischer & Porter 3000 Series
Flowrator Meter measuring 5.70 gpm at full scale. The flowmeter was
calibrated by weigh tank measurement presented in Figure 11.
The water was preheated in an Economy Steam and Water Mixer rated
at 500 gallons per hour. The steam for the contact mixer was supplied
at 200 psia from the laboratory supply through a 1/2-inch pipe.
Pressure at the point of temperature measurement was read on a 1%
accuracy, 200 psi max. pressure gage (#4loR-TD Helicoid Test Gage
8-1/2"). The flow rate of the steam was obtained from a heat balance
on the mixer. Copper Constantan thermocouples were provided to
establish the temperatures necessary for this balance.
The main steam is supplied from the laboratory steam supply
through a two-inch line. The flow rate of the steam is determined
by flange tap orificing according to the ASME Power Test Code (16).
Two sharp-edged orifices were used of 0.4-inch and of 1.0-inch diameter.
Pressure readings are provided by the same Helicoid gage used to measure
the heater steam pressure and the temperature by another thermocouple.
The differential pressure across the orifice was measured by high
pressure manometers filled with mercury or with Meriam #3 Manometer
Fluid having a specific gravity of 2-95-
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Air is supplied from the laboratory supply at 125 psi. It is
measured by a laboratory setup equipped with mercury and oil manometers,
a .3102-inch diameter orifice in a 2.067-inch diameter pipe, a ther-
mometer, and a pressure gage. A shop air supply at 300 psi could
also be used.
The steam and water are mixed in a jet pump mixing fixture, the
inner chamber supplying the steam and the outer the water. The
fixture, a McDaniels Suction tee, is fitted with one-inch female pipe
connections. A valve is provided in both the steam and water lines
immediately proceeding the mixing chamber for control and to introduce
a large impedance just before mixing. The impedance is intended to
minimize feedback into the feed systems. The exit of the mixing
fixture feeds a length of insulated pipe leading to the pressure vessel
and tee.
The pressure in the tank is monitored by a #41OR 4-1/2" Helicoid
gage reading to 200 psi. The pressure is determined for calculational
purposes by measuring the saturation temperature in the vessel by a
Copper-Constantan thermocouple set in an eight-inch well near the
beam. The exhaust steam, after passing through a control valve, is
condensed in a two-inch line by contact mixing with tap water and
dumped. Water level is determined by a sight glass and valve controlled
in a half-inch dump line.
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3.4 Modified Design
3.4.1 Tank and Internals The initial assembly proved to have two
difficulties: considerable frctional hysteresis and an annoying zero
shift during operation. Figure 15a and b shows the decay of the beam
vibration following the release of an initial deflection, a pluck.
Figure 10 shows a static test in which the hysteresis is of disturbing
proportions. Friction between the LVDT core and the stainless steel
tube vessel wall was blamed for the hysteresis when it was estimated
that a quarter of a pound of normal force there could cause the effect.
Also suspect was the clamping arrangement for the beam connection to
the pressure vessel. The clamping was further suspect of being some-
what responsible for the zero shift at operating temperatures.
Two modifications were made. One end of the beam was bent into
a dogleg and welded to the pressure vessel wall. This was to eliminate
any buckling problems and to render the attachment more immobile,
absorbing deflections in the elastic beam material. The second change
involved an alignment mechanism so that the pushrod could always be
aligned with the stainless steel tube within the LVDT coil. A flex-
ible wire, too short to buckle, was built into the alignment mechanism
so that no torque could be transmitted to the pushrod providing a
normal force at the LVDT core. Figure 2 shows a diagram of the final
apparatus.
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Figures 10 and 15c show that the modification eliminated the
column damping and the hysteresis. An operational zero shift per-
sisted, however. Differential thermal expansions, and differential
strains from pressure and water level change were investigated
(Appendix B). Thermal expansion differences were shown to be of
primary effect with a possible assistance from pressure changes.
The elimination of the zero shift lay either in a complete re-
design of the apparatus, reducing the lengths subject to the differen-
tial strains and compensating somehow for differential expansion,
or in the definition of an operational procedure to account for the
change. Of course, the operational solution was chosen. Thermo-
couples were placed in the wall of the pressure vessel so that
equilibrium could be detected through time spaced measurements. At
the operating equilibrium, a zero point would be measured and the
run would commence. The procedure has worked well and the zero
value can be checked many timesduring a run.
3.4.2 Tee The original tee gave an estimated 5/ runback (liquid
leaving through the entrance). A new tee was designed, the change
being a larger aperture, a larger overall radius, and a larger
flat distance on the radius. The redesigned tee is given in Figure
7c and d. Further opening between the deflection plate and the
guide walls was provided by the insertion of washers to open the
slot from 0.10 inches to 0.35 inches. The tee, also constructed
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from aluminum, weighs 0.84 pounds. It has performed to satisfaction
at all operating conditions.
3.4.3 Feed System At flow rates only one-third of its specified
value, the contact heater become noisy in operation. The noise was
detectible in a flowmeter oscillation, an oscillation of the feed
system that was considered undesirable. One positive effect was
that it led to a consideration of the effect of oscillations on the
average momentum flux.
A recirculating line, returning water from the pressure vessel
to the feed system, replaced the contact heater. A centrifugal
pump made up the small pressure difference in the circuit. The re-
circulated water, mixed with any makeup water needed is returned to
the system preceeding the flowmeter. The final arrangement is shown
in Figure 3. The recirculation loop successfully eliminated the un-
desirable noise and was further beneficial in reducing the number
of measurements to be made, and in reducing the difficulty of holding
specified conditions.
3-5 Void Fraction Data
A direct measurement of the void fraction for air-water was
made by isolating a section of the inlet pipe with quick closing
valves. The isolated section was plexiglass pipe of 0.75-inch
diameter and 75 cm. length. The ratio of liquid volume to total
volume was taken to be the liquid fraction.
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3.6 Testing
Several tests to verify the performance of the apparatus have
already been mentioned. They will merely be listed here.
Test Purpose
Core Traverse, Fig- 5 Test operation, determine
operating range
Pluck Tests, Fig. 15 Determine damping nature
and factors
Static Calibrations, Calibrate flowmeter
Fig. 10
The spring constant of the beam was determined by direct
measurement of the deflection under a steady load (Figure 9).
The most significant test is the single-phase steam test for
it evaluates the principle and the function of the apparatus against
known results. Steam flow was measured by the orifice and the
momentum flux was measured by the tee. The single-phase momentum
flux as calculated from the measured flow is compared with the
measured result in Figure 12. The results are excellent.
3.7 Data System
The data consists of all the pressure, temperature, and flaw
readings necessary to establish the thermodynamic state of the two-
phase flow and the temperature equilibrium state of the pressure
vessel, and the LVDT output voltage measuring the deflection of the
beam. The pressure, temperature, and flow conditions are steady
state and are not monitored continuously. The LVDT output is moni-
tored in several ways as indicated in Figure 5 as its fluctuating
nature as well as the average value is of interest.
3.T.1 Observation All of the pressure, temperature, manometer,
and flow readings were recorded for each run. The LVDT signal was
read from a vacuum tube volt meter after being averaged by a resistor
capacitor circuit with a 15 second time constant. In addition, the
flow was visually observed and the LVDT output was viewed on an
oscilloscope to detect any irregularities. This data is sufficient
to determine the average momentum multiplier values.
3.7.2 Tape Recorder For many runs the LVDT output was recorded
by a frequency modulated tape deck. As shown in Figure 5, the LVDT
signal was first biased and amplified before recording. The purpose
of recording the data was for automatic spectral density later.
3.7.3 Brush Recorder The signal was often recorded directly by
a Brush recorder. The same signal was also passed through a standard
tee filter (17) (18) designed to zero out the natural beam frequency
(43.8 cps) and recorded on the second band of the recorder. A
diagram of the filter and its experimental frequency response are
shown in Figure 14. Also shown is the combined response of the beam
and the filter. Samples of the Brush recordings are shown in
Figure 44.
3.8 Data Reduction
3.8.1 Average Force Data The recorded data was reduced on the
computer to the parameters presented in Chapter IV. Appendix C
gives the equations and approximations used in the computer program.
3.8.2 Fluctuating Data Appendix D gives the equation of motion
for the beam, the frequency response of which is plotted in Figure
J. This is to be compared with the analog computer spectral analysis,
samples of which are shown in Figure 46. A Philbrick Researchers
SK Analog computer was used for the analysis with a filter, Dynamic
Analizer Model 5DlolA, made by Spectral Dynamics Corporation of San
Diego. Unfprtunately, the extremely long averaging times and narrow,
sharp bandwidths required for accuracy at low frequencies limit the
accuracy of the actual analog analysis.
CHAPTER IV
RESULTS
4.1 Average Moemntum Flux Data
The average momentum flux data, both raw and reduced., are
presented in chart form in Appendix E. Figures 31 through 42 give
a graphical presentation of the data. The figures locate the data
on a mass velocity versus quality map, scribed with lines of constant
homogeneous velocity; and present the momentum flux information as
a momentum multiplier versus quality. The lines of homogeneous and
minimum possible momentum multiplier values are given for reference.
An individual figure is presented for each pressure and pipe size
tested; atmospheric pressure, 30 psia, 60 psia, 90 psia, and 120
psia in nominal one-half and one-inch pipes for steam-water, and
atmospheric pressure in a one-half inch pipe for air-water.
The temperature of the mixing water at the tee did not have
any observable effect on the data. It was concluded that the entrance
pipe was of sufficient length to diameter ratio to assure the thermal
equilibrium and steady flow development conditions standard for
adiabatic two-phase flow.
The two pipe sizes tested had no noticeable effect upon the
momentum multiplier values.
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Flow rate at a particular quality has a noticeable influence
on the momentum multiplier values. In an attempt to correlate this
effect, the data was coded according to the homogeneous velocity.
It is not meant to suggest that the flow is actually homogeneous;
the parameter was selected for calculational purposes as a quantity
which varies at each quality in the same way as the mass flow rate.
Some lines of constant homogeneous velocity have been drawn through
the data on the figures of momentum multiplier versus quality.
Further mention will be made later concerning the velocity effect
for purposes of extrapolation and interpolation.
A few of the data points fall below the minimum possible
momentum multiplier line. They are clearly in error. The principle
cause of error is the difficulty of measuring the low forces in-
volved. All of the points in error are characterized by low momentum
flux and subsequent difficulty of measurement. Points with a small
force measurement, generally less than one-half pound, are plotted
with bounds of one-tenth of a pound error in each direction. One-
tenth of a pound measurement error is sufficient to explain most of
the points which fall into the region of impossibility.
4.2 Rose's Results
The bubbly flow regime momentum flux measurements of Rose (10)
are presented in Figure 30. The homogeneous and absolute minimum
momentum multipliers are also shown on the figure along with other
predicted values. Rose experimentally determined the void fraction,
the results being presented here in Figure 29. The void fraction
data was approximated by
OS 7 4-
0( (4-1)
X < 0.00/
and by
0.333
4.07 X (4-2)
0.00 < X < 0.0 o4
for calculational purposes. The momentum multiplier calculated
from these void values according to the two-velocity model is also
presented on Figure 30.
Rose's data did not show a systematic variation with the mass
velocities he tested, and thus no velocity correlation has been made.
4.3 Vance's Results
Vance (9) made some careful measurements of the momentum flux
in horizontal flow with an apparatus very similar to that proposed
by Griffin (19). His results, due to the apparatus, are steady
rather than average results. Along with the appropriate reduction,
the data is shown in Appendix F. The data is taken at widely
varying pressures and it is difficult to present the data on a
graph. Figure 43 makes an attempt by plotting momentum multiplier
versus quality and showing the range of the homogeneous and minimum
possible value for the same pressure and quality.
The question of the relationship between horizontal and vertical
flow can be answered by comparison of Vance's results to the results
of this investigation. At the flows tested, it is not expected that
the difference due to inclination would be detected since the fric-
tional forces are considerably greater than the body forces through-
out the flow. One cannot, however, form a definite conclusion on
this basis since some lever mechanism may be involved whereby a
small body force would dominate much larger forces in influencing
flow formation. The similarity of this investigation's data with
that of Vance affirms the predominance of the friction forces in
determining the flow.
Vance measured the monentum flux for the purpose of determining
the slip ratio (or the void fraction) and this is how he presents
his data. This is not a valid method of determining the void frac-
tion, however, as the many additional factors mentioned in Chapter II
affect the momentum flux. This is the same error as made by
Semenov and discussed in Chapter I.
4.4 Void Fraction Measurements
The void fraction measurements are presented in Appendix E
and graphically in Figure 17. Two values are given in the appendix
estimating the bounds of the range of reliability. The limiting
values are connected by a line .on Figure 17.
As can be seen from Figure 29 of Rose's data, the void fraction
is essentially that of the homogeneous model at qualities approach-
ing zero. As the quality increases the void fraction deviates toward
the minimum momentum void value. By 30% quality the void is sub-
stantially the minimum momentum void value.
The momentum multiplier calculated by the two-velocity model
from the measured void fraction data is shown on Figure 42. This line
is substantially below the data, demonstrating, as did Rose's data,
that factors in addition to the void fraction are important in de-
termining the momentum flux. Attention is again called to Figures
18 and 19 which shown that large differences in the void fraction
near the minimum possible momentum void fraction result in small
changes in the momentum multiplier. Above 15% quality, the minimum
possible momentum is essentially the same, with respect to the data,
as that predicted by measured voids with the slip model. The void
fraction deviation from the minimum momentum void plays only a small
role in the deviation of the momentum multiplier from its minimum
value at higher qualities.
The voids measured here essentially verify Martinelli's results.
4.5 Fluctuations
Two types of data on the fluctuations were reduced, data
maximum fluctuation amplitudes as reduced from Brush recorder
traces and spectral density analysis performed on an analog computer
from a taped signal.
4.5.1 Brush Recorder Samples of the Brush records are reproduced
in Figure 44. Both the unfiltered and filtered signals were recorded
(filter response shown in Figure 14). Figure 45 shows data on the
maximum filtered amplitude as a percentage of the average force.
The data on this figure represents all pressures and mixtures tested
and thus is not intended to be an accurate plot. It is intended to
indicate the region in which fluctuations play a major role.
The parameter of fluctuating amplitude divided by average ampli-
tude is used in plotting the results of the fluctuating model. By
comparing Figures 27 and 28 and 45, one can estimate values of 'd in
the fluctuation model.
4.5.2 Spectral Analysis Samples of spectral analysis made on an
analog computer from a recorded signal can be seen in Figure 46.
Also shown in the figure is an oscilloscope photograph of the raw
signal during the analysis. The effect of the beam natural frequency
is, of course, predominant. By comparison with the expected beam
response with a white noise input, Figure 13, one can determine that
the fluctuations are of interest in the lower frequency portion of
the spectrum (0 - l0cps).
Very small amplitude fluctuations exist at frequencies higher
than the beam natural frequencies due to droplet entrainment. This
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can be tested empirically by holding one's hand in front of an
expelling two-phase flow. These are difficult to detect with the
beam arrangement and may well be impossible with a tee since the
period of the fluctuations approaches the transiLt time in the tee.
The fluctuations are still very small and they do not affect the
validity of the large amplitude measurements at lower frequencies.
It is difficult to explain the fluctuating period of two
seconds in a ten-foot long tube where the homogeneous velocity is
perhaps 200 ft/sec. Yet Schlicting (13) reports the same sort of
data in the velocity fluctuations in turbulent flow. In the two-
phase flow it is suspected that the low frequencies are due to con-
tinuity type waves easily visible to investigators standing at a
distance from a two-phase flow. Reasonable precautions have been
taken to isolate the feed systems and the data is presently under-
stood to be valid.
4.6 Choke Flow
A few of the data points taken approach the choke flow (choke
flow predictions shown on the flow map of Figure 47 and on Figures
31, 32, 33, and 34). The momentum flux values are not the minimum
possible momentum flux as is the assumption in the Fauske model.
The Fauske model may predict the critical flow quite accurately,
but it is clear from this investigation that the physical reasoning
is incorrect.
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Although it is inconceivable that the momentum flux would
naturally arrive at its minimum possible value, some of the data
in the 20-50% quality range indicates that the momentum multiplier
drops as the critical flow is approached.
One may think of two-phase critical flow in the following way:
as the pressure drops in a tube, the adiabatic momentum multiplier
rises. However, if the pressure drops rapidly enough, the flow may
not be able to redistribute itself rapidly enough, and the real
momentum multiplier will lag behind the adiabatic value. Of course,
it cannot lag too far behind because it runs into the continuity
minimum -- but before that, some sort of realisitic minimum momentum
multiplier. When the flow reaches this condition it is unable to
adjust more rapidly -- the critical flow model must incorporate
the situation of maximum adjustment rate before continuing.
The factors influencing the maximum rate of adjustment are
1) thermodynamic metastability, 2) flow adjustment, and as a sub-
title under adjustment, 3) fluctuations. The Fauske model assumes
that the minimum possible momentum represents the maximum adjustment.
4.7 Non-Adiabatic Flow
In a heated tube, bubbles can be observed to occupy a large
fraction of the flow channel although the average quality is known
to be subcooled. This metastable effect obviously has an effect on
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the momentum flux which is difficult to predict. Clearly in the
case described, the momentum flux will be higher than that predicted
on an average quality basis. Yet in a mist flow, the cool droplets
might lag behind in the accelerating fluid stream and result in a
lower momentum flux than predicted on an adiabatic basis. The
answer to the question seems to be dependent upon the flow regime
and the heating rate.
A condensing tube can be considered more generally. The meta-
stable vapor can have no other effect than to make the momentum
flux greater than that predicted on an adiabatic basis.
4.8 Discussion of Effects
The momentum multiplier deviates from the minimum possible for
the reasons discussed in Chapter II. At this point it will be
attempted to note where the various reasons predominate.
4.8.1 Void Fraction Deviation In the bubbly flow regime, the flow
is almost homogeneous. The void fractions and momentum fluxes
measured by Rose verify the homogeneous model as the single phase
liquid is approached. The deviation of the void fraction from the
minimum momentum flux value still plays a small role up to 10%
quality, but is insignificant when the quality reaches 20%.
4.8.2 Velocity Distribution Velocity and density distribution
are almost always important. This is the lion's share of the reason
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that momentum multiplier is greater than the homogeneous model as
single-phase liquid is approached. Investigators (6) (20) using
velocity traverse probes have noted a significant, laminar like,
velocity profile in the entrained annular flow region. As the
single-phase gas is approached, the velocity profile approaches
the same importance as in turbulent flow. The regime where the
velocity profile plays the least role is in the annular flow without
entrainment.
4.8.3 Entrainment Entrainment is important where there is droplet
entrainment since the gas velocities are higher.
4.8.4 Fluctuations Slug flow momentum flux is predominantly
fluctuation. As the void fraction influence tapers off, the fluc-
tuation influence increases (the macroscopic void fraction fluctua-
tion). Well into the slug-annular transition, the fluctuation plays
a predominant role.
The continuity waves in the annular layer may be considered to
be the same sort of fluctuation, but may also be considered to be
axial velocity fluctuation similar to the turbulent flow fluctuation.
This type of fluctuation is important even in the limiting single-
phases if turbulence is present. This is experimentally demonstrated
in the inability to calibrate totally on the basis of the universal
velocity profiles.
4.9 Interpolation and Extrapolation
Much of the data is in regions where entrainment is expected.
Furthermore, the forces causing entrainment are the same as those
causing wavy films and some of the fluctuations. Thus it seemed
reasonable to attempt to correlate on the basis of the entrainment.
Steen and Wallis (21) report that
= ( V s ")) (4-3)
where n is a constant between -52 and .85, the higher values at
higher entrainments. They report that the entrainment is directly
proportional to the velocity at lower entrainments and proportional
to the square root of the density.
A more recent publication of Minh and Huyghe (22) reports that
entrainment may be correlated on the basis of a homogeneous V
defined as
(V~zf)HOmoi0 eeo 7  Ya (i
This is very similar to that reported by Steen and Wallis, more
concise but inconvenient as the entrainment correlation parameter
itself includes entrainment.
The data reported in Appendices E and F give the homogeneous
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velocity and an entrainmcnt correlation parameter.
MVMo enleosL (4-5)
It is recommended that the data be interpolated to intermediate
pressure by means of this correlation parameter.
Appendices E and F give two factors
= homogeneous MM - actual MM (4-6)
homogeneous MM - minimum MM
and
_ actual MM
minimum MM
The factor YK represents the location of the momentum multiplier
with respect to the homogeneous and minimum values. It is suggested
that this parameter remains relatively constant through pressure
changes as the entrainment parameter remains constant. ZK is the
ratio of the actual to the minimum momentum multiplier. As with the
ratio of the homogeneous to the minimum, the values are expected to
diverge with pressure change at lower qualities (see Figure 1).
ZK serves as a convenient term when working with higher quality
momentum fluxes where the difference between the homogeneous and
minimum fluxes is only a small portion of the total value.
The difference between the homogeneous and minimum momentum
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flux models is often proportionately a small part of the total
flux. Thus the YK given in the appendices is in large error due
to a small measuring error. It is recommended to make interpola-
tion and extrapolations by the lines of constant velocity drawn
on the data in Figures 31, 33, 35, 3T and 39.
The difference between the homogeneous and minimum fluxes
becomes proportionately smaller as the pressure rises. It is con-
sidered safe then to extrapolate in that direction. Note that as
the critical pressure is approached, the turbulent velocity fluctua-
tion and velocity distribution become increasingly important.
-57-
CHAPER V
SUMMARY
5.1 The Two-Velocity Slip Model
The two-velocity slip model results in the minimum possible
momentum flux value for given flow rates of liquid and gas if the
slip ratio is taken to be
No rearrangement of the flow from that assumed in the model can
result in a lower average momentum flux.
The two-velocity model results in a minimum momentum flux when
a specific void fraction (or slip ratio) is established for that
void fraction. No deviations from the steady, flat profile assumed
in the model can further decrease the average momentum flux at that
void fraction.
No criteria for an upper bound was found.
5.2 The Homogeneous Model
The homogeneous model correlates the experimental momentum flux
data more closely than does the slip model. This does not mean that
the flow is more homogeneous than like the two-velocity model, but
merely that the disturbances from the minimum momentum flux slip
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model drive the momentum flux toward a value corresponding to the
homogeneous model. The flow cannot possibly achieve an absolute
minimum momentum flux configuration nor a local minimum at a given
void fraction.
5.3 Deviations from Minimum Momentum Flux
The momentum flux deviates from the minimum possible momentum
flux for the following reasons:
a) The void fraction deviates from the void fraction for a
minimum momentum flux. At extremely low qualities (x ( .003), the
flow is essentially homogeneous. The void fraction deviates consi-
derably from the minimum momentum void fraction and the contribution
to the real momentum is significant. However, by 15% quality the
contribution of a non-minimum void fraction is small but detectible.
Greater than 30% quality, the contribution is negligible.
b) The velocity profiles are not flat. Velocity profiles
always play a significant role. They are especially important at
high entrainments and least important when the flow is most nearly
annular. The velocity profile effect remains of importance in
determining the momentum flux even as the flow approaches single
phase limits, either at the quality extremes or at the critical
pressure.
c) phase distribution (entrainment).
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and d) fluctuation. Two types of fluctuation are distinguished,
both of which contribute to the momentum flux, turbulent fluctua-
tion, and void fraction fluctuation. Turbulent like velocity varia-
tions are especially important in annular flow with waves. The
turbulent fluctuation, like the velocity profile effect, is important
even in the single-phase limits. Void fraction fluctuation is of
great importance in slug and degenerating slug flows.
5.4 Implications
The implications of the investigation are threefold.
a) to replace the use of the slip model by the homogeneous
model in predicting-momentum flux values. More exact estimation of
the fluxes can be made through direct reference to the data.
b) to reconsider critical flow and other momentum associated
phenomena in the light of the data.
and c) to carefully investigate fluctuations. Two-phase flow has
been considered for its average steady-state properties when it is
basically an unsteady phenomenon where the unsteadinesses play a
fundamental role.
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APPENDIX A
M0MENTUM EQUATION DERIVATIONS
Pressure Drop in a Pipe
The general momentum equation for a control volume can be
written as (23)
ff+ f[ E3 z-{f vv ) V (fz)
0. v 0.5. C. y (A-1)
In the case of upflow in a tube, the surface force is composed of
pressure and shear forces while the body force is gravity.
III
L___
Lumping the shear forces at the control surface into a single frac-
tional term and writing the general momentum equation in the direction
of flow, the only non-trivial principal direction, one arrives at
an equation for pressure drop in a pipe.
F-+[- PA A ff+,[1> =E[ff. YV;OaA$W+ Y11V -
--j 
- -(A-2)
Considering the pressure to be constant throughout a cross section
perpendicular to the flow gives the more simplified relation
(F?-WA A ) L~f~~ 0  d t I2P (A-3)
(Note: The assumption of constant pressure throughout a cross
section is excellent in vertical flow. It is also excellent at the
homogeneous velocities tested for flow in any direction, losing
validity as the flow begins to stratify due to large relative body
forces.)
The pressure change is seen to be composed respectively of a
frictional term, an hydrostatic consideration, momentum flux changes,
and a transient effect.
Momentum Flux Measurement in a Tee
Writing the general momentum equation for the control volume
in a tee which turns the flow through a right-angle bend, one arrives
at
.11
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F + I 94 - ffi' tI Y +_4fft.
0 .(A-4)
in the direction of the inward flow, again the only non-trivial
principal direction. In non-transient flow, the final term vanishes.
The other control volume term can be made negligibly small as the
size of the control volume is made small. In the case that the
term cannot be made negligibly small, it can be estimated with
sufficient accuracy to make the maximum possible error negligible.
For experimental purposes the equation can be viewed as
F - fff V' ?A (A-4)
The force on the tee is a direct measurement of the momentum flux
entering the turning tee.
Since the measurements of momentum flux made with the tee are
to be applied to sections other than exit sections, it is of importance
to note a significant difference between exit and other sections.
When the flow is reversing, the same fluid passing forward through
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a section will return when the flow is reversed as it has been
constrained in the pipe forward of the section. If, however, the
section is at or near an exit, the forward flowing fluid may be
dumped and replaced by the exit atmosphere fluid. The exit con-
dition will persist as far into the tube as the exit fluid replaces
the flowing fluid. The tee measurement therefore is inapplicable
to measuring in-tube momentum fluxes with flow reversals. This
region was avoided in experimentation.
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APPENDIX B
CAUSES OF ZERO SHIFT
Thermal Expansion
Coefficients of thermal expansion are given (2+) as
Stainless steel
Steel
I*C
17.3 x 10
10.5 x 10-6
The differential coefficient is thus
(o,8 K /o a / (B-1)
Over fifteen inches, a 1000C temperature change gives a 0.01 inch
which corresponds to a zero shift of 0.0714 volts. This is close
to the observed zero shift of 0.077 volts.
Weight of Water
The strain area in the wall of the pressure vessel is
(B-2)
The cross-sectional area of the tank is
A o i cha7B in. t: wot ie r .l..d /,.4 ft 3 ow r
A one-inch change in the water level adds .12 ft3 of water on
of water.
(B-3)
7.5 lbm
IM (/(, in.){0,3/25_ in.) =: /5~7 /n."
= 30 X /0( ps .. -- (B-4)
I5~.7 in.?- /5'- in.
Therefore, using E = 30 x 106 psi, the £ over 15 inches is
.239 x 106 inches. This is four orders of magnitude less than
that observed in the thermal strains. It can be safely concluded
that this effect cannot be detected since the maximum water level
change is four inches.
Pressure Change
A 10 psi pressure change would cause a A A change of .637 x 10
inches.
lOpsi 2. i/ i IQ (B-5)
.o 7 /05~n .
This is small, but detectible, -' .005 volts for 100 psi pressure
change.
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APPENDIX C
FUNCTIONS TO FIT CURVES FOR DATA REDUCTION PROGRAM
To obtain water flow rate from the rotometer scale reading,
the following equation is used:
water flow rate (lbm/hr) = 27.6 x scale reading (C-1)
Temperature is obtained from Cu-Const. thermocouple millivolt read-
ing by
Temp (OF) = 32.0 + 46.2036R - o.96412R' (C-2)
R = potentiometer reading in millivolts
when R 4.5, and
Temp (OF) = 40.655 + 41.9795R - o.44641R . (C-3)
The orifice flow coefficients (14p) are functions of Reynolds
Number.
K = .5974 + Re 2Re + 33-333 (c-4)
for the 0.4-inch orifice with a diameter ratio of .200, and
K = .6250 + 126.884
Re - 492.063 (C-5)
for the 1.0-inch orifice with a diameter ratio of -500.
Martinelli's void fraction versus quality curves were found to
fit the form
)(C-6)
quite well. Values of the coefficients for atmospheric and 60 psia
steam-water data are
C1  C2
atmospheric pressure 0.116 0.669
60 psia 0.153 o.66o
For computational purposes, Rose's void fraction data was fit by
c( = z , ZS-9
for x <.001
and by
o = 4.07
0. 333
for .001 ( x ( .0o4
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APPENDIX D
EQUATION OF MOTION OF TEE TEE
F kx +-e7T+eQ (D-l)
dre (D-2)
where equation (D-2) is written in terms of the LVDT voltage output,
e. The relation between e and x is simply
X 7./4 Ie- (D-3)
Values of k and k' have been experimentally determined in static
tests.
k/6.1Or IE k =Z ./18 g0/4
The natural frequency is 43.8 cycles
sec
8 b-F
k
£
(D-4, a&b)
or 275 radians
sec
Z 7,5 s e -
75Y6 ZS~see
.7~x / Z6 f.38 ~.5~ - 1 +Z 5- I - ih='9 1A/0 -- 14
(D-5)
(D-4 a&b)
F~- k'e + c F
/. aza4Z /bm.2
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The measured mass of the tee was .84 lbm. The effective mass com-
puted includes the pushrod mass and a contribution from the beam
itself.
The decay constant of the envelope was measured to be 0.4/
C = C 0- = 041e- (D-7)
(D-8, a&b)6/bf sec.C~ == n,2. o~ ;
/ -3 ____ _'-
= a.308A/a yi.O
sec.
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APPEDIX E
DATA
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Mixing
Steam
Enthalpy=1198 BTU/lbm
Specific
Volume = 2.28 f t3/lbm
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